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Precession and nutation

Precession: period of approximately 26,000 years or 1° every 72 years (50”/year)

Nutation: period of 18.6 years, amplitude ~ 17” in longitude, ~9” in obliquity
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Ω ≈ 7.2 ⋅ 10−5 1/𝑠𝑠

X, Y, Z
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L. Petrov, A&A, 2007, 467, 359
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Critical parameters (X, Y, Ω)

No accessible with the VLBI 
delay only
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Ω ≈ 7.2 ⋅ 10−5 1/𝑠𝑠

X, Y, Z



VLBI measures delay and delay rate
(relative shift of interference frequency)

Ω is the accessible with delay rate!

Being estimated the Ω could get the accuracy of 
∆Ω
Ω

= 10−8÷ 10−9

Used 𝜏𝜏 = −
𝑏𝑏21 · 𝑠𝑠
𝑐𝑐

.

𝛥𝛥𝛥𝛥21
𝑓𝑓

= −
Ω × 𝑏𝑏21 · 𝑠𝑠

𝑐𝑐
= −

𝑠𝑠 × 𝑏𝑏21 · Ω
𝑐𝑐

Never used 
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VLBI measures delay and delay rate
(relative shift of interference frequency)

𝛥𝛥𝛥𝛥21
𝑓𝑓

= −
Ω × 𝑏𝑏21 · 𝑠𝑠

𝑐𝑐
= −

𝑠𝑠 × 𝑏𝑏21 · Ω
𝑐𝑐

IVTW-2024

observations partials parameters



Estimating of Ω
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0
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Three components of the Earth angular rotation vector

Δ𝑓𝑓
𝑓𝑓
≃ 1 µrad

σ𝛥𝛥𝛥𝛥
𝑓𝑓
≃ 10−14÷10−15 rad
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Fringe is two-dimensional

2 1( , ) ( , )r r s b s
c c

τ −
≈ − = −

( , )f b s
f c
∆ Ω×

≈ −

b = 6000 km,

Δ𝑓𝑓
𝑓𝑓
≃ 1 µrad

σ𝛥𝛥𝛥𝛥
𝑓𝑓
≃ 10−14÷10−15 rad

Two measurable values– delay and delay 
rate
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Delay rate formal error

𝛀𝛀 = 𝟕𝟕.𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐 · 𝟏𝟏𝟏𝟏−𝟓𝟓 1/sec

formal error vs integration time ~ Δt−3/2radioweak objects

radiostrong objects

Quasar 1803+784, integration time is 30 
sec and 120 sec

Formal errors of delay rate depends on many 
factors, i.e. integration time, SNR, etc 

σ𝛥𝛥𝛥𝛥
𝑓𝑓
≃ 10−14÷10−15 rad

1803+784



Delay rate is better than group delay because…
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- No clock phase instability

- No clock phase breaks

- Troposphere wet delay is less critical

- Radio source positions and station coordinates are less critical

- ALL modelling deficiencies are less critical

- Plain least squares method with a limited number of parameters is 

good enough



VLBI data analysis
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- OCCAM 6.3 

- NEOS-A and IVS-R1, R4 experiments from 1993 (~4500 exps)

- IERS Conventions model (precession-nutation, solid tides, etc)

- Relativistic models for geodetic VLBI delay rate (special and general 

relativity effects) 

- Plain least squares method

- Estimated parameters: clock (3 per station), wet troposphere delay 

and delay rates with gradients (6 per station), and Ω (3 components)



VLBI data analysis – relativistic model
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𝛥𝛥𝑓𝑓21
𝑓𝑓

= −
𝑤𝑤2 − 𝑤𝑤1 ⋅ 𝑠𝑠

𝑐𝑐
1 −

2𝐺𝐺𝐺𝐺
𝑐𝑐2𝑟𝑟

+
(𝑉𝑉⊕ ⋅ 𝑠𝑠)2

𝑐𝑐2
−

𝑉𝑉⊕2

2𝑐𝑐2
−

𝑉𝑉⊕ ⋅ 𝑠𝑠
𝑐𝑐

−
𝑤𝑤2 ⋅ 𝑠𝑠
𝑐𝑐

−
𝑉𝑉⊕ ⋅ 𝑤𝑤2

𝑐𝑐
+

+
𝑏𝑏21 ⋅ 𝑠𝑠
𝑐𝑐

𝑎𝑎⊕⋅ 𝑠𝑠
𝑐𝑐

+
𝑏𝑏21 ⋅ 𝑠𝑠
𝑐𝑐

𝑎𝑎2⋅ 𝑠𝑠
𝑐𝑐

−
(𝑏𝑏21 ⋅ 𝑎𝑎⊕)

𝑐𝑐2
+

+
𝑤𝑤2 − 𝑤𝑤1 ⋅ 𝑉𝑉⊕ 𝑉𝑉⊕ ⋅ 𝑠𝑠

2𝑐𝑐3
−

((𝑤𝑤2 − 𝑤𝑤1) ⋅ 𝑉𝑉⊕)
𝑐𝑐2

𝛥𝛥𝑓𝑓21
𝑓𝑓

= −
2𝐺𝐺𝐺𝐺
𝑐𝑐3

Ω ⋅ 𝑏𝑏21 × �𝑠𝑠 × ]𝑠𝑠 × 𝑁𝑁
𝑟𝑟2 − 𝑠𝑠 ⋅ 𝑟𝑟2

𝑤𝑤1 and 𝑤𝑤2 are vectors of geocentric velocities;

r is the geocentric distance to the Solar centre;

s is the vector of direction to the radio source,

𝑏𝑏21 is the baseline vector, c is the speed of light, 𝑉𝑉⊕is the barycentric velocity of the Earth;

𝑎𝑎⊕ is the barycentric acceleration of the Earth, 𝑎𝑎2 is the geocentric acceleration of the second station



Vector Ω component estimates (~4500)

ωyωx

Year

1990 1995 2000 2005 2010 2015 2020 2025 2030

pr
ad

/s

-1.0e+5

-5.0e+4

0.0

5.0e+4

1.0e+5

1.5e+5

2.0e+5

Year

1990 1995 2000 2005 2010 2015 2020 2025 2030

pr
ad

/s
-4000.0

-2000.0

0.0

2000.0

4000.0

IVTW-2024

Relative formal errors are about 10−8



Vector Ω component estimates (~4500)

Ω magnitude

Instantaneous angular rotation vector 
Interval is 24 hours, but the observation time could be shortened
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ωz



Transformation to X and Y

ωx = sin𝑋𝑋
ωy = cos𝑋𝑋sin𝑌𝑌
ωz = cos𝑋𝑋cos𝑌𝑌

𝑋𝑋 = arctg
ω𝑥𝑥

𝜔𝜔𝑦𝑦2 + 𝜔𝜔𝑧𝑧2

𝑌𝑌 = arctg
ωy

ω𝑧𝑧

IVTW-2024



Precession - Nutation model

𝑋𝑋 𝑡𝑡 = �
𝑖𝑖=0

3

𝑎𝑎𝑖𝑖𝛥𝛥𝛥𝛥𝑖𝑖 + �
𝑖𝑖=1

7

𝐴𝐴𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝜋𝜋𝜋𝜋𝜋𝜋
𝑃𝑃𝑖𝑖

+ 𝐴𝐴𝑖𝑖𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐
2𝜋𝜋𝜋𝜋𝜋𝜋
𝑃𝑃𝑖𝑖

𝑌𝑌 𝑡𝑡 = �
𝑖𝑖=0

3

𝑏𝑏𝑖𝑖𝛥𝛥𝛥𝛥𝑖𝑖 + �
𝑖𝑖=1

7

𝐵𝐵𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝜋𝜋𝜋𝜋𝜋𝜋
𝑃𝑃𝑖𝑖

+ 𝐵𝐵𝑖𝑖𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐
2𝜋𝜋𝜋𝜋𝜋𝜋
𝑃𝑃𝑖𝑖

i 𝑎𝑎𝑖𝑖
(“)

𝑏𝑏𝑖𝑖
(“)

0 −0.04354 ± 0.00081 0.00515 ± 0.00072

1 20.04104 ± 0.00016 0.00092 ± 0.00016

2 −0.000057 ± 0.000030 −0.002428 ± 0.000028

3 −0.0000031 ± 0.0000011 0.0000056 ± 0.0000010
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p⋅sinε ≈ 20”.04, (p – precession constant, 50”/year; ε – ecliptic inclination, 23°.5)



Nutation model (7 parameters)

𝑋𝑋 𝑡𝑡 = �
𝑖𝑖=0

3

𝑎𝑎𝑖𝑖𝛥𝛥𝛥𝛥𝑖𝑖 + �
𝑖𝑖=1

7

𝐴𝐴𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝜋𝜋𝜋𝜋𝜋𝜋
𝑃𝑃𝑖𝑖

+ 𝐴𝐴𝑖𝑖𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐
2𝜋𝜋𝜋𝜋𝜋𝜋
𝑃𝑃𝑖𝑖

𝑌𝑌 𝑡𝑡 = �
𝑖𝑖=0

3

𝑏𝑏𝑖𝑖𝛥𝛥𝛥𝛥𝑖𝑖 + �
𝑖𝑖=1

7

𝐵𝐵𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
2𝜋𝜋𝜋𝜋𝜋𝜋
𝑃𝑃𝑖𝑖

+ 𝐵𝐵𝑖𝑖𝑠𝑠𝑐𝑐𝑐𝑐𝑐𝑐
2𝜋𝜋𝜋𝜋𝜋𝜋
𝑃𝑃𝑖𝑖

Period

(year)

𝐴𝐴𝑖𝑖𝑐𝑐

(“)

𝐴𝐴𝑖𝑖𝑠𝑠

(“)

𝐵𝐵𝑖𝑖𝑐𝑐

(“)

𝐵𝐵𝑖𝑖𝑠𝑠

(“)

0.037402 

(13.6 d)

−0.0749 ± 0.0004 −0.0314 ± 0.0004 0.0356 ± 0.0004 −0.0816 ± 0.0004

0.075443

(27.555 d)

0.0206 ± 0.0004 −0.0176 ± 0.0004 0.0007 ± 0.0004 −0.0018 ± 0.0004

0.3333 0.0059 ± 0.0004 0.0165 ± 0.0004 −0.0203 ± 0.0004 0.0071 ± 0.0004

0.5 0.1792 ± 0.0004 0.4872 ± 0.0004 −0.5359 ± 0.0004 0.1965 ± 0.0004

1.0 −0.0065 ± 0.0004 0.0460 ± 0.0004 0.0151 ± 0.0004 −0.0044 ± 0.0004

9.3 −0.0773 ± 0.0005 0.0281 ± 0.0004 0.0296 ± 0.0004 0.0846 ± 0.0004

18.6 −5.6069 ± 0.0005 −3.9266 ± 0.0008 −5.2931 ± 0.0005 7.5288 ± 0.0008
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Angular rotation vs Length of Day

Ω = 𝜔𝜔𝑥𝑥2 + 𝜔𝜔𝑦𝑦2 + 𝜔𝜔𝑧𝑧2
⁄1 2≈ X2 + Y2 + Z² ⁄1 2

LOD ≈ −
Ω − Ω0
Ω0

ΔLOD
LOD ≈ −𝑚𝑚3

ΔLOD
LOD ≈ −𝑚𝑚3 − 𝑋𝑋𝑌̇𝑌 + 𝑌𝑌𝑋̇𝑋

LOD is a small increment to Ω
The axial moment of the Earth inertia (𝑚𝑚3) 
is blamed for all variations of the LOD

Standard approximation

If Ω is measured independently in a full scale,
one could extract contribution of the nutation 
(18.6-year)

By now we had the LOD only. Now we could compare LOD and Ω from VLBI
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LOD (IERS)
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(18.6-year signal in LOD)



LOD vs LOD  (IERS vs Ω-based)

Difference between two LODs, probably
caused by the nutation effect
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Time resolution situation 
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Time resolution is 2 hours, but ring laser interferometer announced 3 hours



Time resolution improvement 
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1. Dedicated network/schedule

2. 24/7 mode

3. Near-online correlation

4. Kalman filter technique

1 estimate each 1-2 minutes 
with formal error of 10−8or better



Conclusion

1. Nutation model could be tested directly with the X, Y times series

2. LOD is not a full equivalence of the Ω. Variations of LOD could be 

caused by the X, Y terms rather than axial component perturbations

3. Time resolution is 2 hour is shown; a dedicated network may 

provide 1-hour resolution or better

ΔLOD
LOD ≈ −𝑚𝑚3 − 𝑋𝑋𝑌̇𝑌 + 𝑌𝑌𝑋̇𝑋

IVTW-2024



Web: www.ga.gov.au
Email: oleg.titov@ga.gov.au
Address: Cnr Jerrabomberra Avenue and Hindmarsh Drive, Symonston ACT 2609

Thank you for your attention
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